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A General Malthusian Model of Ecological Equilibrium

A. M. C. Waterman

St John’s College, Winnipeg R3T 2M5, Canada

The germs of existence contained in this spot of earth, with ample food, and ample room to expand in, would fill millions of worlds in the course of a few thousand years, Necessity, that imperious all pervading law of nature, restrains them within the prescribed bounds. The race of plants, and the race of animals shrink under this great restriction. And the race of man cannot, by any efforts of reason, escape from it.

T. Robert Malthus (1798, p. 15)

Modern biology is ‘Malthusian’ in two analytically distinct ways. 

In the long run in which there is genetic mutation and adaptation of species, the theory of organic evolution generalizes Scottish Enlightenment ‘conjectural history’ which was central to Malthus’s anti-Godwin polemic in 1798 (Waterman 1991, pp. 37-45). It is well known that Darwin (   ) read the Essay on Population ‘for amusement’ in October 1838, grasped the significance of Malthus’s conception of the ‘struggle for existence’, and so ‘got hold of a theory by which to work’.

In the short run in which all genes may be taken as given, the science of ecology – which I take to be a study of the general population equilibrium of coexisting species in defined space – generalizes Malthus’s partial-equilibrium analysis of human populations to explain what J. S. Mill ([1874] 1969, p. 381) called ‘the spontaneous order of nature’. 

Both ‘the struggle for existence’ and the ‘the spontaneous order of nature’ are a consequence of natural fecundity in finite space. In this paper I shall be concerned only with the latter. Some recent work in ecology (e.g.    ) shows awareness of the Malthusian origins of that discipline. But so far as I have been able to discover, it presents only half of Malthus’s story, and the less truly ‘Malthusian’ half at that. I shall therefore attempt to present a complete Malthusian analysis of ecological equilibrium by attending not only to natural fecundity – a conception that Malthus shared with all his eighteenth-century predecessors –  but more importantly, to the process by which ‘necessity, that imperious all pervading law of nature’, restrains each species ‘within the prescribed bounds’. It will be shown that the economic-theoretic concept of diminishing returns, which is an implication of Malthus’s assumptions, plays an important, perhaps decisive part in that process. Diminishing returns imply a production function: the relation between that which is produced and that which produces it. What is central to Malthus’s own contribution is that the population of consumers is a measure of the labour performed (and therefore the cost incurred) by that same population when viewed as producers. The population of any species therefore enters into its own production function with a positive first derivative, but a negative second derivative. Such relations are central to economic theory but though often implicit, they are largely, if not entirely neglected explicitly in biology. The novelty I claim for this paper therefore, is an explicit recognition that each population (viewed collectively) of every species, whether animal or vegetable, must incur costs in order to acquire those resources it needs to subsist; and that its own population is a measure of the specific ‘labour’ cost of production. 

My argument begins with a model of Malthusian population dynamics in a single, human population; it continues with a limited generalization of the model which can illustrate simple cases of the interdependence of non-human populations; and it concludes by considering the extent to which a complete generalization might formalize ‘the spontaneous order of nature’. 

1.  Malthusian dynamics of a human population

Like every other political thinker of the eighteenth century, Malthus assumed that ‘population, when unchecked, increases in a geometrical ratio’ (1798, p. 14):  that is to say, it grows exponentially. Let N(t) be population as a function of the time variable, t; let F(t) be   homogeneous ‘food’ available to that population as a function of t; let s be the average per-capita ‘food’ supply at which population remains stationary, and α be a speed of adjustment to population equilibrium. Let g be an operator such that for any continuous, differentiable function of time, y(t), gy(t) ≡ d(ℓny)/dt = y-1dy/dt.  Let asterisks denote equilibrium values of variables. Then

gN  =  α[(F/N) – s];  α > 0,  s > 0.





(1)

As Richard Cantillon (1755, Pt. I, chap.15) had put it, ‘Men multiply like mice in a barn if they have unlimited means of subsistence’, which is the case when (F/N) > s.


Food is never costless (‘there’s no free lunch’). Human food has to be produced by human work in conjunction with non-human resources. The more human work, the more food produced. But as the ratio of humans to fixed resources (such as land) increases, per capita food production, F/N, must fall ceteris paribus. Malthus assumed that if population grows ‘geometrically’ then food production can grow at most, ‘though certainly far beyond the truth’, ‘arithmetically’ (1798, pp. 21-22). As Stigler (1952, p. 190) first showed, we may combine Malthus’s two ‘ratios’ to obtain a logarithmic production function,

F  =  L.ℓnN, 








(2)

where the constant of integration L is a shift parameter which captures the quantity and quality of land and the state of agricultural technique. N here measures not population but necessary labour time, equal to the former by the assumption of a 100% work-force participation rate and suitable choice of units. Equation (2) implies that dF/dN = L/N > 0, and d2F/dN2 = − L/N2 < 0. That is to say, marginal product is always positive (‘no limits whatsoever are placed to the productions of the earth’, Malthus 1798, p. 26); but it declines continuously as N increases, which is the law of diminishing returns. However, equation (2) is not completely satisfactory since F(0) ≠ 0; hence it preferable to specify a more general (continuous, twice-differentiable) production function which affords the ‘Malthusian’ signs on first and second derivatives:


F  =  F(N);  F(0) = 0,  dF/dN > 0,  d2F/dN2 < 0



(3)

Like the logarithmic production function, F(N) will be shaped (and shifted) by various parameters, which are not specified in (3). By substituting RHS (3) for F in (1) and setting RHS (1) = 0, we obtain an equilibrium solution,


N*  =  F(N*)/s. 







(4)

If a non-zero equilibrium population exists, it is determined by the ‘subsistence’ per-capita food requirement, s, and by the parameters of the F- function. It is sufficient for stability of this equilibrium that


d(gN)/dN  =  αN-1(dF/dN – F/N) < 0,





(5)

which will be the case if the marginal product of labour, dF/dN is less than the average product, F/N. As figure 1 illustrates, this condition will obtain if d2F/dN2 < 0; which in turn guarantees that average product will fall as N rises, which was the way Malthus (1798, pp. 23-24; see Samuelson 1947, pp. 296-99) originally formulated it.     

____________________________________________________________________________                                   





Insert figure 1 somewhere here

As figure 1 further makes clear, the negative second derivative of F(N) is necessary and sufficient for the existence and uniqueness, as well as the stability, of a non-zero equilibrium in Malthus’s original case. The slope of F(N) is the marginal product, and the slope of any ray is the average product at that level of N determined by the intersection of the ray with F(N).  So long as F(N) lies above the ray of slope s, N will increase by equation (1) and vice versa. Ecological equilibrium will exist, and will be globally stable at point B. 


Malthus’s purpose in the first Essay however was not scientific, but polemical. It was to show the social optimality of a regime of private property and ‘the whole system of barter and exchange’ (1798, p. 289). Therefore he sought to demonstrate the existence of an economic equilibrium at point A, where dF/dN = s. Society is implicitly assumed to consists of a very large proportion of property-less wage earners whose reproduction is described by equation (1), and a small proportion of property-owners whose population may be neglected. Then with a competitive labour market and marginal-product wages at equilibrium,


dF/dN  =  W  =  s,







(6)

where W is the wage rate. ‘Productive’ population is therefore stationary at NP, food production is FP, hence a surplus AC is produced, which is appropriated by property-owners and spent on ‘everything . . . that distinguishes the civilized, from the savage state’ (Malthus 1798, pp. 286-87). If property-owners use all of this surplus to employ ‘unproductive’ labour at the going wage-rate, maximum total population is thus NT. It is apparent from figure 1 that the social surplus is maximized at A. Private property and competitive markets are in this sense socially optimal, as Malthus had claimed against Godwin (1793).  Global stability of equilibrium at A has been demonstrated in a more elaborate model which includes capital goods (Waterman 1992, pp. 215-16). 

We may now leave the human political scene with which Malthus himself was concerned, and return to the perfectly general population dynamics that were an unintended consequence of his whiggish propaganda.

2.  Illustrative Simple Cases of Ecological Equilibrium

(a)  ‘Weeds’ in a Pond

Suppose a pond of biological size P, where ‘biological size’ is a vector of its measurable properties which support plant life: surface area, depth, volume, temperature, solutes, etc. It contains nothing but water and inorganic solutes until some ‘germs of existence’ are introduced of the species ‘weeds’ (which biologists might christen Herba Stagnantis perhaps). 

Like human beings, weeds must work to ‘produce’ their food, water and carbon dioxide, which they combine by photosynthesis to make more weeds. Let numerical subscripts, sometimes hereafter proxied by lower-case letters, denote species. Let ‘weeds’ be species 1.  Suppose carbon dioxide is a free good for ‘weeds’. Then N1 is the population of ‘weeds’, and F1 the water appropriated by that population as its food. Malthusian population dynamics apply in this case exactly as in part 1 above, where equations (1) and (3) have as their counterparts:


gN1  =  α1[(F1/N1) – s1];  α1 > 0, s1 > 0




(7)


F1  =  F1(N1, P);  F1(0, P) = F1(N1, 0) = 0;  ∂F1/∂N1 > 0, ∂2F1/∂N12 < 0
(8)

The explicit incorporation of the parameter P (where for simplicity in this case we may treat ∂F1/∂P ≡ π1 as equal to +1 by choice of units) allows us to investigate the effect upon equilibrium of a change in biological size of the pond. The parameter s1 is that value of  F1/N1 at which N1 remains constant, and is determined by weed physiology. The parameter α1 is a speed of adjustment of the weed population and may be taken to depend upon the exogenous supply of solar energy. If there is suddenly a lot more sunlight, then α1 gets bigger. But the equilibrium population of weeds, being dependent only upon s1 and P, remains unaffected.  The inequality ∂2F1/∂N12 < 0 captures diminishing returns in the weeds’ aggregate food production function, which we may ascribe to intra-specific competition for scarce resources: water and pond-room. As in the case of human population dynamics, that inequality is necessary and sufficient for the existence, uniqueness and stability of equilibrium. We may therefore perform comparative-statics analysis, and evaluate:


N1*  =  F1(N1*, P)/s1







(9)


∂N1*/∂P1  =  (s1 - ∂F1/∂N1)-1  > 0 





(10)


∂N1*/∂s1  =  - N1*(s1 - ∂F1/∂N1)-1  < 0. 




(11)

The signs of inequalities (10) and (11) are guaranteed by that of  (s1 > ∂F1/∂N1), which is an implication of diminishing returns, ∂2F1/∂N12 < 0.

(b)  ‘Carrying Capacity’ and the Sigmoid Growth Curve

We may use the single species ‘weeds-in-a-pond’ case to throw light on the ad hoc concept of ‘carrying capacity’, the logistic curve derived from it, and the relation of the latter to the genuinely Malthusian sigmoid growth curve implied by equation (1). Specific subscripts may be suppressed in this example. It follows from (7) and (8) that


dN/dt  =  α[F(N, P) – sN],  therefore





(12)


d2N/dt2  =  α2(∂F/∂N – s)[F(N, P) – sN].




(13)

Consider RHS (13). For all N(t) up to the ecological maximum N* = s-1F(N*, P), 

[F(N, P) – sN]  > 0 therefore dN/dt > 0 by (12). Therefore (13) will be positive, zero or negative depending upon the sign of (∂F/∂N – s). Now since diminishing returns are the essence of the Malthusian formulation, which is to say ∂2F/∂N2 < 0, there will be a range of N(t) beginning at N(t) = 0, over which (∂F/∂N – s)> 0;  a value N = Nm at which ∂F/∂N = s;  and a range ending at N(t) = N*, over which (∂F/∂N – s ) <  0. The growth curve N(t) is therefore sigmoid, with a point of inflexion at N = Nm.  Given the general form and non-linearity of F(N, P) there is no point in trying to integrate (12) in order to explicate N(t). 

This result is intuitively obvious from (12), for at that point on the curve of F(N, P) which lies furthest above the ray of slope s, illustrated in figure 1 by the vertical distance AC, (F(N, P) – sN) and therefore the growth-rate dN/dt is maximized. We may confirm this by maximizing dN/dt for given values of α and s. The first-order condition is


d(dN/dt)/dN  =  α[∂F/∂N – s]  =  0,





(14)

equality of marginal product with ZPG per-capita food supply; and the second-order condition


d2(dN/dt)/dN2  =   α.∂2F/∂N2 < 0.





(15)


It is instructive to compare this analysis with the so-called ‘Malthusian’ constructions found in every textbook (e.g. Beltrami 1987, pp. 61-66). According to these a ‘carrying capacity’, K, is postulated, which is the maximum population level any habitat can support. It is then simply assumed (Verhulst 1838; Pearl 1920; Lotka 1925) that the ‘geometric’ or logarithmic growth rate is a linearly decreasing function of the proportion of actual to maximum population:


gN  =  r(1 – N/K),







(16)

where r is sometimes inexplicably labelled the ‘Malthusian parameter’ (e.g. http://mathworld.wolfram.com/LogisticEquation.html.). It is apparent from (16) that gN as a function of N must decline linearly from a maximum of r when N = 0, to a minimum of 0 when N = K.  Stability of equilibrium at N* = K is therefore guaranteed. Since dN/dt = N.gN, this value is maximized when Nm = ½K  (i.e. where the area of any rectangle which can be constructed beneath the straight-line curve of gN plotted against N is at its greatest). The growth-curve N(t) is therefore sigmoid, with a point of inflexion exactly half-way between 

N = 0 and N = K.

It is easy to see that this suspiciously tractable result is merely the consequence of an arbitrary assumption – never acknowledged and perhaps never understood by the discoverers and rediscoverers of (16)  – that each specific aggregate ‘food’ production function is of quadratic form. In order to demonstrate this, let us suppose that


F  =  pN  + qN2,  p  > s  > 0,  q  < 0,





(17)

where the constant p is an increasing function of the ecological size-parameter P.  When we define (K≡ N*) = F(N*)/s and substitute (17) for F, then s = (pN* + qN*2)/N* and hence

  
(K≡ N*) =  – (p – s)/q.






(18)

The marginal product, 


dF/dN  =  p + 2qN  > 0 for all N < (  – p/2q). 
                                    (19)                                              Therefore the quadratic production function satisfies the general requirements of (3) up to that point, since F(0) = 0, and (d2F/dN2 =  2q) < 0. Now it has been seen that when the logarithmic growth-rate is described by equations like (1) and (7), the linear growth-rate, dN/dt, is maximized when dF/dN = s. Thus by setting RHS (19) = s we can determine the point of inflexion,

            Nm  =  – (p – s)/2q  =  ½K.  






(20)

The logistic curve is revealed as a special case of the general Malthusian sigmoid growth curve based on the un-Malthusian assumption of a quadratic production function. We may confirm this by substituting (17) for F(N) in (1) to obtain


gN  =  α[(p – s) + qN]  =  (p – s)-1α[1 + q/(p – s)N].


(21)

Since from (18), N/K  =  [  – q/(p – s)]N, we obtain the Verhulst equation (16), in which it appears that the ‘Malthusian parameter’ r  =  (p – s)-1α  is a theoretically meaningless combination of the speed of adjustment to population disequilibrium, Malthus’s ‘subsistence’ or ZPG average per-capita food supply, and one of the parameters of an arbitrarily chosen quadratic production function. ‘Carrying capacity’ (18) is a slightly less obscure combination of both quadratic parameters with Malthus’s s since we may assume that p = p(P), dp/dP > 0. 


It might be observed in passing that the quadratic production function, theoretically inferior to Malthus’s (implicit) logarithmic function, was first used (implicitly) by his friend and scientific sparring partner, David Ricardo (Blaug 1997, pp, 115-18).


(c)  ‘Weeds’ and ‘Minnows’ in a Pond

Let us introduce species 2, ‘Minnows’, into the pond. Minnows eat weeds, therefore their aggregate production function must include both their own population – as a measure of their collective labour input – and that of the weeds as arguments, having positive first partial derivatives with respect to each (i.e. the supply of weeds appropriated by minnows as food is positively related both to the minnow and the weed populations.)


F2  =  F2(N1, N2),   F2(0, N2) =  F2(N1, 0) = 0;  ∂F2/∂N1 > 0,  ∂F2/∂N2  > 0; and 








   ∂2F2/∂N22  < 0.   

(22) 

The last inequality captures diminishing returns to the minnows’ weed-catching efforts. 

Because minnows eat weeds and therefore interfere with the latters’ collective ability to appropriate water as food, the weed production function must also be correspondingly modified:

F1  =  F1(N1, N2, P);  F1(0, N2, P) = 0, F1(N1, N2, 0) = 0,  F1(N1, 0, P) > 0 [case (a) above];  ∂F1/∂N1 > 0, ∂F1/∂N2 < 0,   π1 ≡ +1; ∂2F1/∂N12 < 0.

(23)

Given growth-rate equations for gN1 and gN2 of the same form as (7) but with (23) and (22) for F1 and F2 respectively, it follows that by setting gN1 =  gN2= 0:  

N1*  =   s1-1F1(N1*, N2, P), and





(24)


N2*  =   s2-1F2 (N1, N2*);






(25)

two simultaneous equations in N1 and N2. The restrictions placed on the F1 and F2 functions guarantee that

(∂N1/∂N2)│(gN1= 0)  =  (s1 - ∂F1/∂N1)-1∂F1/∂N2 < 0  and


(26)


(∂N1/∂N2)│(gN2=0)   =  (∂F2/∂N1)-1(s2 - ∂F2/∂N2) > 0,


(27)

provided that when Ni = Ni*,  si  > ∂Fi/∂Ni (i = 1,2) by the assumption of diminishing returns. Diminishing returns are therefore sufficient for the existence and uniqueness of general equilibrium in this two-species case, illustrated in figure 2. For since there can be no minnows without weeds, but there can be weeds without minnows, the intercept of (gN2=0) on the N1 axis in N2, N1 space is zero, whereas that of the (gN1=0)  locus is positive: hence the loci will intersect in the first quadrant.   

                                      Insert figure 2 somewhere near here


Stability of this equilibrium depends upon the properties of the second-order differential-equation system (28a) and (28b), where these are obtained by multiplying growth equations of the same form as (7) by N1 and N2 respectively:


dN1/dt  =   α1[F1(N1, N2, P) – s1N1]





(28a)


dN2/dt  =  α2 [F2(N1, N2) – s2N2]





(28b)

Because of the generality and postulated non-linearity of Fi, it is impossible to specify conditions for global stability. But by assuming the approximate linearity of Fi in the neighbourhood of Ni* it is possible to investigate local stability. The standard procedure (Beltrami 1987, pp. 22-26) is to linearize Fi by Taylor expansion, neglecting higher order terms, which after manipulation allows us to write:


F1  =  c11N1 + c12N2 + π1P1  and





(29)


F2  =  c21N1 + c22N2,







(30)

where in general cij ≡ ∂Fi/∂Nj; πi ≡ ∂Fi/∂Pi;  i = 1, 2, . . n;  j = 1, 2, .. n; n is the number of coexisting species;  and Pi is the ‘biological size’ parameter relevant to species i. From (27) and (26) the cross-partial derivatives, c12 < 0 and c21 > 0.


By substituting (29) and (30) for F1 and F2 in (28a) and (28b) and rearrangement we obtain the matrix equation:
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(31)

which may be written as 


dN/dt  =  M2.N  + αP







(32)

where dN/dt is the vector of linear population growth rates, M2 is the 2-by-2 matrix of production coefficients multiplied by speeds of adjustment, N  the vector of specific populations and αP the vector of size parameters multiplied by speeds of adjustment. 


In all such cases of simultaneous, linear differential equations, a single characteristic equation exists, a polynomial of degree equal to the number of simultaneous equations, the roots of which determine the time paths of all variables in the system. The parameters of this polynomial are implied by the coefficient matrix, M2, from which it is possible to derive two important conditions: (a) those required that the system be stable in the sense that the time-paths of N(t) converge upon some limiting value as t →∞; (b) those which determine whether the time-paths are monotonic or oscillatory. 


In the second-order case the characteristic equation is a quadratic,


λ2 – λ.Trace M2 + Det M2  =  0   
(33)

the roots of which, λ1 and λ2 determine the time-path:


N(t)  =  a1(exp λ1t)b1 + a2(exp λ2)b2 





(34)

where b1 and b2  are eigenvectors derived from the trial solution N(t)  =  b.exp λt, and  a1 and a2  are initial conditions. It is evident from (34) that N(t) will converge to an equilibrium solution (M2.N* = P in this case) if the real parts of λ1 and λ2 are each negative. By a well-known theorem (Beltrani pp. 21-22) this will be the case if and only if Det M2 > 0, and Trace M2 < 0. 


It appears from (31) that


Det M2  =  α1α2[(c11 – s1)(c22 – s2) – c21c12]   and
(35)


Trace M2  = α1(c11 – s1) +  α2(c22 – s2 ).




(36)

Given the positivity of the speeds of adjustment αi and the signs on the cross-partial derivatives c21 and c12, the stability conditions will be met if and only if  cii <  si, which will be the case if ∂2Fi/∂Ni2 < 0. In the second-order case, as in the first, diminishing returns are necessary and sufficient for stability of equilibrium – given the opposite signs on c21 and c12.


There is no reason to assume that every stable ecological system will adjust monotonically to general equilibrium. In Nature, overshooting and cyclical adjustment appear to be widespread. In general the time path of N(t) will be oscillatory if λ1 and λ2 are complex conjugate numbers, which will occur in a second-order, linear system if


(Trace M2)2 – 4(Det M2)  <  0, or





(37)


[α1(c11 – s1) -  α2(c22 – s2)]2  <  │4α1α2 c21c12│



(38)

in this particular case. The larger the absolute values of the cross-partial derivatives – the greater, that is to say, the sensitivity of weed population to minnow population and vice versa –  the more likely this will be.


Given the stability of the weeds-minnows case we may evaluate the equilibrium populations by setting LHS (31) = 0 and making use of Cramer’s rule. Then


N1*  =   – D2-1(c22 – s2)P  and






(39)


N2*  =  + D2-1c21P







(40)

where D2 = [(c11 – s1)(c22 – s2) – c21c12]  is the determinant of the  matrix obtained from M2 by omitting the speeds of adjustment, α1 and α2. Equations (39) and (40) correspond with (24) and (25).

(d)  Mutualism: ‘Flowers’ and ‘Bees’ in a Field

It is not necessary for the existence and stability of equilibrium in the two-species case that the cross-partial derivatives should have opposite signs. Consider species 4 (‘flowers’) and species 5 (‘bees’) in a ‘field’ of given biological size, P4. Flowers are good for bees, ∂F4/∂N5 ≡ c45 > 0; and bees are good for flowers, ∂F5/∂N4 ≡ c54  > 0. Then from (26) and (27), using notation for the linear approximation and scaling π5 = +1, we obtain the slopes of the equilibrium loci in N2,N1 space as 


(∂N4/∂N5)│(gN4=0)   =  – c45/(c44  – s4 )  > 0   and



(41)


(∂N4/∂N5)│(gN5=0)   =  – (c55  – s5)/c54  > 0,




(42)

where the intercepts are


N4( N5 = 0)  =  – P4/( c44  – s4)  > 0    and  




(43)


N5( N4 =  0)  =  0.







(44)


                     Insert figure 3 somewhere near here

Since Trace M2 remains negative in this case, it follows from (35) that local stability requires that


(c44 – s4)(c55 –  s5)  >  c54c45
,





(45)

which is equivalent of 


(∂N4/∂N5)│(gN5=0)  >  (∂N4/∂N5)│(gN4= 0):      



(46)

that is, the slope of the (gN5=0) equilibrium locus must be greater than that of the (gN4=0) locus in figure 3. This inequality also guarantees stability in the weeds-minnows case, though there the negative sign of c12 makes it obvious.


What this does imply however is that diminishing returns, which determine that cii < sii, are no longer sufficient for stability though they remain necessary. Sufficiency requires ‘diagonal dominance’: that is, that the absolute value of any element on the principal diagonal should exceed the sum of the absolute values in either its row or its column. In this case inequality (45) will be satisfied by the former of these conditions if  


│(c44 – s44) │ >  │ c45│ and 






(47)


│(c55 –  s55) │ >  │c54│,  






(48)

the biological meaning of which, is that for each species the excess of average available food per unit over its marginal rate of food production at equilibrium should exceed the effect upon its food supply of an absolute unit change (strictly an infinitesimal change) in population of all other coexisting species. We must consider this requirement more carefully in analysis of the third-order and the general nth-order cases below. 
(e) Predation: Weeds, Minnows and Pike in a Pond

Let species 3 (‘pike’) be added to the pond of case (c) above. For generality, the production functions of all three species must include the populations of the other two as arguments. But since weeds eat neither minnows nor pikes, minnows eat weeds but not pike, and pike eat minnows but not weeds, we may write:


F1  =  F1(N1, N2, N3, P1); F1(0, N2, N3, P1) = F1(N1, N2, N3, 0) = 0;  F1(N1, 0, 0, P1) > 0;
          ∂F1/∂N1 > 0, ∂F1/∂N2 < 0, ∂F1/∂N3 = 0; π1 ≡ +1.


(49)

F2  =  F2(N1, N2, N3);  F2(0, N2, N3 ) =  F2(N1, 0, N)= 0;  F2(N1, N2, 0) > 0 

           [case (c) above];    ∂F2/∂N1 > 0, ∂F2/∂N2 > 0, ∂F1/∂N3 < 0.

(50)

F3  =  F3(N1, N2, N3); F3(0, N2, N3) =  F3(N1, 0, N3)= F3(N1, N2, 0) = 0;          


         ∂F3/∂N1 = 0, ∂F3/∂N2 > 0, ∂F3/∂N3 > 0.



(51)

                   

  and ∂2Fi/∂Ni2  < 0,  i = 1, 2, 3.

Equations and inequalities (49), (50) and (51) describe a simple food chain and imply that there are no weeds without a pond, no minnows without weeds, and no pikes without minnows; but that weeds may subsist happily without minnows, and minnows without pikes.


If Fi are linearized in the neighbourhood of equilibrium values, the resulting production functions substituted into the usual Malthusian adjustment equations as in (7), and each 

equation multiplied by Ni, we obtain the 3-by-3 matrix equation of disequilibrium adjustment:

[image: image2.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

+

ú

ú

ú

û

ù

ê

ê

ê

ë

é

×

ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

-

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

0

0

)

(

0

)

(

0

)

(

/

/

/

1

1

3

2

1

3

33

3

32

3

23

2

22

21

2

12

1

11

1

2

2

1

P

N

N

N

s

c

     

          

c

         

          

c

     

s

c

   

          

c

        

          

c

     

s

c

dt

dN

dt

dN

dt

dN

2

2

1

a

a

a

a

a

a

a

a






(52)

which may be written as 


dN/dt  =  M3.N + αP.


(53)
It is necessary for stability of a n-by-n matrix that it have a negative Trace and a Determinant of sign (–1)n which from (35) and (36) is evidently so in the 2-by-2 matrix M2. That M3 has a negative Trace is apparent from (52), provided that in the neighbourhood of equilibrium cii < si for all i, which will be the case since all production functions exhibit diminishing returns. And since 


Det M3 =  α1α2α3[(c11 – s1)(c22 – s2)(c33 – s3) – c23c32(c11 – s1) – c21c12(c33 – s3)] < 0





(54)

the necessary conditions are satisfied.  However for matrices of higher rank than 2 these conditions are not sufficient.  The further requirement of diagonal dominance implies 


│(c11 – s1) │ >  │ c12│,


(55)


│(c22 – s2) │ >  │ c21│+ │c23│ and


(56)


│(c33 – s3) │ >  │ c32│.


(57)

If │c23│, the marginal sensitivity of minnow population to that of the pikes, is so large that inequality (56) fails to hold then even if any equilibrium exists it is unstable. Pikes eat up all the minnows then die out themselves from want of nourishment. Only the weeds profit.


Supposing these inequalities to obtain however, we may apply comparative statics and evaluate the effects of a change in the parameter P:


dN1*/dP  =  – D3-1[(c22 – s2)(c33 – s3)+ c23c32]  > 0
(58)


dN2*/dP  =  + D3-1c21(c33 – s3) > 0


(59)


dN3*/dP  =  – D3-1c32c21   > 0


(60)

where D3 is the determinant of the quasi-Jacobian corresponding to M3 and has the same sign as 

Det M3. We may conjecture from the example of the 2-by-2 case in (37) and (38) that the larger the cross-partial derivatives, c12, c21, c23 and c32, the more likely the time-path of N(t)to be cyclical.

It so happens, however, that case (e) having been chosen with a certain low cunning we may here evade the question of diagonal dominance.  For since pikes are assumed not to eat weeds, then c13 = c31 = 0; therefore we may combine the disequilibrium adjustment equations for dN1/dt and dN2/dt  to obtain a single equation for the latter as:


dN2/dt  =  (c11 – s1)-1α2D2N2  + α2c23N3  – α2(c11 – s1)-1c21P
(61)

where D2 ≡ [(c11 – s1)(c22 – s2) – c21c12]  as in case (c) above. Then since


dN3/dt  =  0.N1  +  α3c32N2 + α3(c33 – s3)N3 
(62)

we may investigate the properties of a 2-by-2 minnows-and-pikes system which incorporates 

the properties of the adjustment equation for weeds:
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(63)

which may be written as


dN/dt  =  M2A.N + α′P.


(64)

Since Det M2A  =  α2α3[(c11 – s1)-1(c33 – s3)D2 – c23c32]  > 0     
(65)

and Trace M2A  =  α2(c11 – s1)-1D2 + α3(c33 – s3) <  0
(66)

the weeds-minnows-pikes equilibrium is unambiguously stable. We learn from this the absurdity of the famous dictum of R. H. Tawney (1964, p. 164), recycled by Isaiah Berlin (1969) and endlessly repeated by proponents of an interventionist state ever since: ‘freedom for the pike means death for the minnows’. No knowledge of mathematics or biology is required to see that if that statement were true, ‘freedom for the pike’ would mean death for the pikes as well.


These results may be graphed in N3,N2 space by setting dN2/dt  =  dN3/dt  = 0 in (61) and (62) and solving for N2(N3) in each case.  Then the slopes are


(∂N2/∂N3)│(gN2 = 0)   =    – D2(c11 – s1)c23  <  0  and
(67)


(∂N2/∂N3)│(gN3 = 0)   =    – c32-1(c33 – s3)   >  0;
(68) 

and the intercept terms 


N2(N3 = 0)   =   D2-1P  >  0, and 


(69)


N3(N2 = 0)   =  0.


(70)  

Insert figure 4 somewhere near here

(f)  The Volterra-Lotka Predator-Prey Model
The analysis of case (e) above is a generalization of the well-known ‘predator-prey’ model. It takes explicit account of the fact that the ‘prey’ species (minnows) has to eat, and that its own food supply is limited: hence weeds are part of the story and therefore we have a 3-by-3 system rather than the 2-by-2 simplification imposed by the Volterra-Lotka equations . The Volterra-Lotka equations exist in several different versions however, and the case in which the prey population is postulated to grow logistically in the absence of the predator makes a bow in the right direction by incorporating ‘carrying capacity’.


For most purposes of comparison it is sufficient to represent the general Malthusian model as a second-order system, exactly as in case (c) above, where the subscripts 1 and 2 now stand for any ‘prey’ and ‘predator’ species respectively. By (29) and (30) into (28a) and (28b) for Fi and division of each resulting equation by Ni, we obtain linearized versions of the logarithmic growth-rate equations in the Malthusian model:


gN1  =   α1[(c11 – s1) +  N1-1 π1P1] +  (N1-1α1c12)N2    
(71)


gN2  =   (N2-1α2c21)N1  +  α2(c22 – s2)           
(72)

If we set gN1 = gN2 = 0 and solve each equation for N1 as a function of N2 we obtain the data from which figure 2 is constructed; and which illustrate what seems to be an intuitively predictable outcome: the population of the prey has a positive intercept and declines as that of the predator increases, whereas that of the predator has a zero intercept and increases as that of the prey.  

The Volterra-Lotka equations as represented in many textbooks (e.g.   ) may be written in logarithmic growth-rate form by division of each equation by Ni:

gN1  =  h1  –  h2N2        


(73)


gN2  =  h3N1  –  h4.


(74)

h1 is either a logistic growth-rate, r1(1 – N1/K1) ≥ 0 in some versions, or in others an exponential growth-rate α ≥ 0 corresponding to α1 in (71). 
h2 > 0 is the parameter of the rate of predation (i.e. percentage rate per period of the population of species 1 eaten by by species 2) as an increasing function of the predator population, N2.  

h3 > 0 is the parameter of the percentage per period growth-rate of the predator population as an increasing function of that of the prey population, N1. 

h4 > 0 is the parameter of exponential rate of decay of predator population from natural death. 


It is obvious that there is a purely formal correspondence between the Lotka-Volterra formulation and the 2-by-2 Malthusian model, since h1 is a constant matching the quasi-constant α1[(c11 – s1) +  N1-1 π1P1], h2 is the coefficient of N2 matching (N1-1 α1c12), h3 is the coefficient of N1 matching (N2-1α2c21), and h4 is a constant matching α2(c22 – s2). But it is equally obvious that there is no exact theoretical matching of the four terms.


When h1 = α, the implicit production function of species 1 is simply


F1  =  κN1,  κ > s1,


(75)

which by substitution for F1 in equation (7) implies that h1 = α = α1(κ > s1). The marginal product (∂F1/∂N1) of N1 is constant: diminishing returns, and therefore scarcity, have been abolished. There is closer correspondence between α1[(c11 – s1) +  N1-1 π1P1] and h1 when the latter is defined as r1(1 – N1/K1): diminishing returns are implied, but as we have see in case (b) above, the implicit production function is the theoretically unsatisfactory quadratic.


There is a general agreement between h2 and (N1-1α1c12), captured by the negative sign of c12: in both (71) and (73) gN1 is a decreasing function of N2; but in the Malthusian model it is also a decreasing function of N1. A similar relation obtains between h3 and (N2-1α2c21)N1. In both (72) and (74) gN2 is an increasing function of N1; but in the more general Malthusian model in which scarcity is taken seriously, it is also a decreasing function of N2. There is no obvious correspondence between h4 and α2(c22 – s2).


If we set gN1 = gN2 = 0 in (73) and (74) we obtain equilibrium solutions:


N1*  =  0, or N1*  =  h1/h2


(76)


N2*  =  0, or N2*  =  h4/h3


(77)

If equations (73) and (74) are represented in their more usual form by multiplying each by Ni, then linearized in the neighbourhood of their equilibrium values and written in matrix form we 

obtain the coefficient matrix 
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(78)


 If the non-zero equilibrium solutions (76) and (77) are substituted for N1 and N2  in (78), and h1 is taken to be the simple constant α, then

Det M2B  =  h1h4  >  0, and


(79)


Trace M2B  = 0.


(80)

Hence equilibrium is neutral and the time-path of N(t) will be oscillatory. This well-known result is illustrated in figure 5A.


However when the prey species is taken to grow logistically and h1 = r1(1 – N1/K1), then


(h1 – h2N2)  =  – K1-1r1(h4/h3)


(81)

Hence Det M2B  remains h1h4, but Trace M2B becomes – K1-1r1(h4/h3) < 0. In this version of the predator-prey model therefore, the time-path of N(t) will converge to a stable solution. It will be oscillatory if K1-1r1N1*[K1-1r1N1* + 4h4] < 4h4, which is the more likely the smaller N1*/K1 and the smaller r1: that is to say, the more the unused ‘carrying capacity’ for the prey species and the more sluggish its growth-rate in the absence of predators. This result is illustrated in figure 5B, from which it appears that although the recognition of scarcity for the prey species produces the expected positive intercept and negative slope for the (dN1/dt = 0) locus, its implied absence for the predator species leaves the (dN2/dt = 0) locus determined solely by a unique value of N1*.

Insert figure 5 somewhere here

(g)  Interspecific Competitition

Competition for the same food by two coexisting species is sometimes expressed as a modification of the Volterra-Lotka equations. But it is easily shown to be a special case of the general Malthusian model in which the cross-partial derivatives, ∂F1/∂N2 (i.e. c12) and ∂F2/∂N1 (i.e. c21) are both negative; and in which food supply of each depends on the same habitat of biological size P1, hence π1P1 and π2P1 enter into the linearized production functions F1 and F2 respectively [cf. (29) and (30) above]. By substituting these into the equations for gNi, and setting gNi = 0, we obtain the material for the relevant phase diagram, figure 6. The slopes are


(∂N1/∂N2)│(gN1= 0)  =  – c12/(c11 – s1)  <  0  and





(∂N1/∂N2)│(gN2=0)   =  –  (c22 – s2)/c21  < 0;

and the intercepts


N1│( gN1= 0, N2= 0)    =  – π1P1/(c11 – s1)   


N1│( gN2= 0, N2= 0)    =  – π2P1/c21   


N2│( gN2= 0, N1= 0)    =  – π2P1/(c22 – s2) 


N2│( gN1= 0, N1= 0)    =  – π1P1/c12.  

The determinant stability condition remains (c11 – s1)(c22 –  s2)  >  c21c12 as in cases 2(c) and (d) above, which implies that {(∂N1/∂N2)│(gN2=0)}   <  {(∂N1/∂N2)│(gN1= 0)}. Since both slopes are negative however, this means that the slope of the (gN2= 0) locus must be steeper than that of the (gN1= 0) locus.


In figure 6 a possible equilibrium is illustrated at point B in which the populations of both species are positive. Whether such an equilibrium obtains however depends crucially on the relative magnitudes of  π1, π2, c12,  and c21. For example, if the marginal ability of species 1 to obtain food from the habitat, π1, were so great relative to that of species 2 that  – π1P1/(c11 – s1) =   – π2P1/c21, a stable equilibrium would exist at point A but the population of species 2 would fall to zero. Or if the marginal effect, c12, upon the food supply of species 1 of the population of species 2 should be or became very much greater in absolute value, the gN1 locus would rotate clockwise about its N1 intercept; and if its N2 intercept (and therefore point C) fell to  – π2P1/(c22 – s2)  a stable equilibrium would exist at (new) point C at which species 1 became extinct. Symmetrical analysis applies to the other two possible cases. The condition for the viability of species 1 is therefore that  – π2/c21  >  – π1/(c11 – s1), and of species 2 that  – π1/c12  >  – π2/(c22 – s2).

Insert figure 6 somewhere here

3.  General Equilibrium: ‘The Spontaneous Order of Nature’

If we generalize the Malthusian model of population equilibrium for the complete set of n species in a defined habitat, and if that equilibrium is stable, we have a formalization of what is sometimes called ‘the balance of Nature’ but which it is more instructive to label by J. S. Mill’s term, ‘the spontaneous order of Nature’. It is evident from cases (c) and (e) in part 2, especially equations (32) and (53), that we may represent the system as


dN/dt  =  MnN  + αP,


(82)

where Mn is an n-by-n matrix in which each element on the principal diagonal is αi(cii – si) and in which every other element is αicij, for i = 1, 2, 3. . . n;  j = 1, 2, 3. . . n;  j ≠ i.


Since linearization of the specific production functions produces coefficients of Ni that are in fact the partial derivatives of Fi with respect to each Ni, we may define the quasi-Jacobian matrix Jn such that αJn  = Mn.  And since though speeds of adjustment αi may be important in determining whether the time path of N(t) is oscillatory or not they are irrelevant to stability, we need attend only to the properties of Jn.


Since αi > 0 for all i, those features of Mn that suffice for local stability in the system of (82) must apply to Jn: namely that (cii – si) < 0 for all i, and that│(cii – si)│> Σ│cij│,  j ≠ i.  When all cii are evaluated in the neighbourhood of (non-zero) equilibrium, the former condition is guaranteed by diminishing returns (i.e. ∂2Fi/∂Ni2  < 0 for all i). Absolute scarcity – of terrestrial space, inorganic resources, solar energy and other biologically beneficent radiation – which is the cause of diminishing returns as Malthus grasped, or at any rate glimpsed in 1798, is a necessary condition of the spontaneous order of Nature.


But it is not sufficient, which presumably is part of the reason why order sometimes collapses in certain parts of the global habitat. If to a system already in equilibrium an exogenous cause greatly increases some│cij│, say of a highly predatory species i preying on species j, then cij > 0 and cji < 0 will both increase in absolute value and local stability may be undermined. Why in general we should expect the inequality │(cii – si)│> Σ│cij│,  j ≠ i, to obtain seems impossible to explain. Its biological meaning, as illustrated by a discrete example, is that a species’ per-unit food supply in equilibrium, minus the contribution to the species’ aggregate food supply by the last individual unit to be viable, must exceed the sum of the absolute values of the effects upon that species’ food supply of a unit change in population of all other species. About all we can say, it would appear, is that although we sometimes observe organic Nature in chaos, we usually observe it in order, as a self-regulating system of coexisting specific populations. Hence the inequality must normally hold.


Although my formal exposition is now complete, some further observations may be of interest.

(a)  Taxonomy of interdependence

The ecological relation between any two species i and j may be classified in terms of the signs on the cross partial derivatives ∂Fi/∂Nj and ∂Fj/∂Ni. Since the signs may be positive, negative or zero, and since i and j are interchangeable, there are evidently six logical possibilities, in some of which the signs of ∂Fi/∂P and ∂Fj/∂P are also relevant. These are summarized in table 1. Some names are well established in the biological literature, others are my own invention.

Table 1

Possible ecological relations between species i and species j


∂Fi/∂Nj     ∂Fj/∂Ni     ∂Fi/∂P     ∂Fj/∂P

i.    Independence                                    0               0            ?            ?


ii.   Externality                                        0               +            ?            ?


iii.  Encroachment                                   0               –            ?            ?


iv.  Predation

    
    a.  Herbivory                                       –               +            +           0

    
    b.  Carnivory
        –               +            0            0

v.   Mutualism
        +               +            +           0


vi.  Competition
    –                –           +           –
(b)  Food chains

Equations and inequalities (49), (50) and (51) provide an example of what I shall label a ‘simple’ food chain: that is to say a sequence in which the lowest animal species (1) is purely herbivorous, and which each successively higher species eats only the species next below it. Then given the negativity of all elements on the principal diagonal, the sign matrix of Jn will appear as:
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Therefore since the first two equations afford a single equation in N2 and N3 as in (61) above, we may combine it with the third equation to obtain a single equation in N3 and N4, and repeat the process until we are come to the end of the food chain. We shall then be left with two simultaneous equations in Nn-1 and Nn. The system is thereby reduced to a sequence of overlapping pairs of simultaneous equations, the final pair of which can easily be investigated for stability of the system as a whole as in (62) and (63) above. 

(c)  Segregated habitats

Suppose that the ‘pond’, in which weeds, minnows and pikes coexisted in part 2, case (e) above, is located in a corner of the ‘field’ in which bees and flowers assist one another in case (d). Though in a certain sense all five species may be said to coexist in the same habitat, there need be no reason why the goings-on in the pond should affect those in the field or vice versa. The relevant quasi-Jacobian, J5, may then appear as:
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The top-left 3-by-3, and the bottom-right 2-by-2 systems are evidently soluble without reference to the other. For though in principle every individual, every population and every species in Nature may affect and be affected by every other, yet it must often happen that virtually independent ecosystems exist in segregated habitats.

(d)  Global and local stability of the spontaneous order of nature

Notwithstanding the non-linearity of the production function, ecological equilibrium of a single population in isolation is globally stable. Diminishing returns to inputs of that population’s own labour time are necessary and sufficient for stability. In all higher-order cases however, non-linearity exists, not merely because all d2Fi/dNi2 < 0 but also because there is no biological reason to suppose that all d2Fi/dNj2 = 0, and this defeats any specification of global stability. All we can do is to linearize in the neighbourhood of equilibrium and specify conditions for local stability. The following observations are therefore relevant.


First, it has appeared that diminishing returns are necessary for local stability of (positive) non-zero equilibrium, and together with diagonal dominance are sufficient. This result depends upon the negativity of all (cii – si), which will be the case at non-zero equilibrium where – because of the negative second derivative of the production function – the marginal product cii(Ni = Ni*> 0) will be less than the ZPG average product, si. It must be recognized however that N* = [0] is a mathematically correct solution in all cases. And at Ni = 0 the slope of the production function, cii(Ni = Ni*= 0), will be greater than that of the si ray, as illustrated in figure 1. All elements on the principal diagonal will therefore be positive. Hence though equilibrium exists at the origin it is unstable. The excess of Fi/Ni over si will impel population from zero to some positive, stable equilibrium value where Fi/Ni* = si. The Malthusian model rules out any endogenously produced collapse of all populations to zero.


Secondly, it must be observed that local stability in the linearized model is compatible with the emergence of instability if the system is exogenously and substantially displaced from equilibrium. Moreover such disequilibria might be chaotic. It is well-known that if some of the parameters of a non-linear dynamic system are only slightly altered it may generate a time series which, though fully deterministic, is indistinguishable from randomness (e.g. Baumol and Benhabib 1989, pp. 77-103, esp. p. 82). The spontaneous order of Nature is robust, but only up to a point. Beyond that, order may gradually or suddenly break down.


Thirdly, in view of the very proper interest in disequilibrium models among contemporary ecologists (e.g.   ), it may be remarked that any such study requires – almost as a matter of grammar, certainly as a matter of the logic of scientific inquiry – a well-specified and clearly understood conception of equilibrium as the bench-mark against which to compare putatively disequilibrium observations.

(e)  Human population disequilibrium

The most powerful objection to all I have so far argued is that human population history appears to be a vast and sustained violation of the spontaneous order of Nature. Not at least since the aftermath of the Black Death (1346-1353) at the latest has human population –  in the European and Atlantic world at any rate – evinced a constant or even roughly constant relation to those of all other species. There has been continuous growth at the expense of many other populations both animal and vegetable.


The way to explain this I believe, and at least conceptually to reconcile it with the argument of this paper, is to postulate that the human species is unique in its ability to manipulate its own production function. Suppose we write the latter as


FH  =  A(t).FH(NH, N1,  . . . Nn),   A(t) > 0,



(83)

where A(t) is a discontinuous but increasing function of time, and 1, 2 . . . n denote all non-human populations, we may imagine the production function in figure 1 continually rotating in an anti-clockwise direction as a result of technical progress. Both the economic and the ecological equilibrium populations will continually increase, and the actual, disequilibrium population be driven upward by the ever-increasing gap between F/N and s: except to the extent that s, being socially conditioned as Malthus recognized, might also increase and thus retard or even arrest that process.  Marginal product and real wages will increase at the economic equilibrium population level. And subject only to a slower anti-clockwise shift of the s-ray than the FH curve, the social surplus will also increase.


The repercussions of this on all other species are captured by the magnitudes and signs on all ∂Fi/∂NH.    
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